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a b s t r a c t
Let A and B be nonincreasing lists of nonnegative integers, having lengths m and n,
respectively. The pair (A; B) is potentially Ks,t -bigraphic if there is a simple bipartite graph
containing Ks,t (with s vertices in the part of size m and t in the part of size n) such that
the lists of vertex degrees in the two partite sets are A and B. We give a characterization of
potentially Ks,t -bigraphic pairs, generalizing the Gale–Ryser characterization of bigraphic
pairs.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The study of vertex degrees in graphs has a long history, often askingwhen an n-tuple of nonnegative integers is realizable
as the vertex degrees of a simple n-vertex graphwith specified properties. Analogous problems are also studied for bipartite
graphs. Let A be an m-tuple and B an n-tuple; we take A = (a1, . . . , am) and B = (b1, . . . , bn), indexed so that each list is
nonincreasing. If there is a simple bipartite graph G such that A and B are the lists of vertex degrees for the two partite sets,
then G is a realization of the pair (A; B). We can also ask whether there is a realization satisfying a particular property. We
say that the pair (A; B) is potentially Ks,t-bigraphic if some realization of (A; B) contains Ks,t (with s vertices in the part of size
m and t in the part of size n). In this paper, we give a characterization of when (A; B) is potentially Ks,t-bigraphic.
Analogous problems have been studied for simple graphs. There are many characterizations of lists realizable as the
vertex degrees of a simple n-vertex graph, the most well known being that of Erdős and Gallai [1]. Recently, a Havel–Hakimi
type algorithm for directed graphs was considered by Erdős et al. [3]. A list is potentially Kr -graphic if it has a realization
containing Kr . Kézdy and Lehel [7] provided a characterization of potentially Kr -graphic lists. In contrast to the classical
Turán problem, which seeks the maximum sum of an n-tuple realizable by a graph not containing Kr , Erdős et al. [2] posed
the problem of finding the minimum k such that every realizable n-tuple with sum at least k is potentially Kr -graphic. The
solution is due to Erdős et al. [2], Gould et al. [6], and Li et al. [9,8,10,11].
Ferrara et al. [4] solved the corresponding problem for bipartite graphs. Let σ(s, t;m, n) denote the least integer k such
that every realizable pair (A; B) with the sum of the terms in A at least k is potentially Ks,t-bigraphic. They proved that
σ(s, t;m, n) = n(s− 1)+m(t − 1)− st + s+ t whenm and n are sufficiently large in terms of s and t .
In this paper, we solve the more detailed problem of characterizing the potentially Ks,t-bigraphic pairs. This result
generalizes the Gale–Ryser characterization of realizable pairs.
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Theorem 1.1 (Gale [5] and Ryser [12]). An m-tuple A and an n-tuple B (each nonincreasing) form a realizable pair if and only ifm
i=1 ai =
n
i=1 bi and
k
i=1
ai ≤
n
j=1
min{k, bj}
for each k with 1 ≤ k ≤ m− 1.
Theorem 1.2. The pair (A; B) is potentially Ks,t-bigraphic if and only if as ≥ t, bt ≥ s,mi=1 ai =ni=1 bi and
p
i=1
ai +
s+q
i=s+1
ai ≤ pt +
t
j=1
min{q, bj − s} +
n
j=t+1
min{p+ q, bj} (1)
for all p and q with 0 ≤ p ≤ s and 0 ≤ q ≤ m− s.
Theorem 1.2 reduces to Theorem 1.1 when s = t = 0.
2. Proof of Theorem 1.2
Necessity of our condition relies on the following lemma.
Lemma 2.1 (Ferrara et al. [4]). Let G be a realization of the pair (A; B), with partite sets X and Y . If H is a subgraph of G whose
vertex set consists of X ′ in X and Y ′ in Y , then (A; B) has a realization G′ containing H such that the vertices of H have the highest
degrees both in X and in Y .
If (A; B) is potentially Ks,t-bigraphic, wemay therefore assume a realization G′ in which s highest-degree vertices in X are
adjacent to t highest-degree vertices in Y . This requires as ≥ t and bt ≥ s. Also, pt +tj=1 min{q, bj− s}+nj=t+1 min{p+
q, bj} is the maximum contribution topi=1 ai +s+qi=s+1 ai when edges are counted by their endpoints in Y . Counted from
X , we have all the edges incident to p+q distinct vertices. Hence each vertex in Y contributes at most the minimum of p+q
and its degree, except that for the first t vertices it is guaranteed that the edges to xp+1, . . . , xs in the copy of Ks,t are not
being counted.
For sufficiency, we use a technique introduced by Tripathi et al. [13] in a recent proof of the Erdős–Gallai characterization
of n-tuples realizable by simple graphs. Let a subrealization of (A; B) be a bipartite graph with partite sets {x1, . . . , xm} and
{y1, . . . , yn} such that d(xi) ≤ ai for each i and d(yj) ≤ bj for each j. We will construct a realization of (A; B) through
successive subrealizations. In the initial subrealization, x1, . . . , xs all have degree t , and y1, . . . , yt all have degree s. Also,
the remaining vertices all have degree 0. This subrealization contains Ks,t in the desired location and has no other edges.
A subrealization has two critical indices. Let p be the largest index such that d(xi) = ai for 1 ≤ i < p ≤ s, and let q be
the largest index such that d(xs+i) = as+i for 1 ≤ i < q ≤ m − s. The critical deficiency is (ap − d(xp)) + (as+q − d(xs+q)).
While p ≤ s or q ≤ m − s, we obtain a new subrealization having the same degree at x1, . . . , xp−1 and xs+1, . . . , xs+q−1
but smaller critical deficiency or larger critical indices. The new subrealization need not contain the previous subrealization,
but it contains the initial subrealization and hence contains Ks,t . The process can only stop when the subrealization is a
realization of (A; B) containing Ks,t .
Let X1 = {xp+1, . . . , xs} and X2 = {xs+q+1, . . . , xm}. We maintain the conditions that {x1, . . . , xs} and {y1, . . . , yt} induce
Ks,t , there is no edge joining {y1, . . . , yt} and X2, and there is no edge joining {yt+1, . . . , yn} and X1∪X2, which certainly hold
initially.
Case 0 xpyi ∉ E(G) for some vertex yi such that d(yi) < bi. Add the edge xpyi.
Case 1 xs+qyj ∉ E(G) for some vertex yj such that d(yj) < bj. Add the edge xs+qyj.
Case 2 d(yk) ≠ min{p + q, bk} for some k with k ≥ t + 1. In a subrealization, d(yk) ≤ bk. Since there is no edge joining
{yt+1, . . . , yn} and X1 ∪X2, d(yk) ≤ p+ q. Hence d(yk) < min{p+ q, bk}. Case 0 and Case 1 apply unless xpyk, xs+qyk ∈ E(G).
Since d(yk) < p+ q, there exists iwith i ∈ {1, . . . , p− 1, s+ 1, . . . , s+ q− 1} such that xiyk ∉ E(G). If i ∈ {1, . . . , p− 1},
then since p ≤ s and d(xi) = ai ≥ ap > d(xp), there exists u ∈ N(xi) \ N(xp); in this case, replace uxi with {xiyk, uxp}.
If i ∈ {s + 1, . . . , s + q − 1}, then since d(xi) > d(xs+q), there exists u ∈ N(xi) \ N(xs+q); in this case, replace uxi with
{xiyk, uxs+q}.
Case 3 d(yk) − s ≠ min{q, bk − s} for some k with k ≤ t . In a subrealization, d(yk) − s ≤ bk − s. Since there is no edge
joining {y1, . . . , yt} and X2, d(yk) − s ≤ q. Hence d(yk) − s < min{q, bk − s}. Case 1 applies unless xs+qyk ∈ E(G). Since
d(yk)−s < q and x1yk, . . . , xsyk ∈ E(G), there exists iwith i ∈ {s+1, . . . , s+q−1} such that xiyk ∉ E(G). By d(xi) > d(xs+q),
there exists u ∈ N(xi) \ N(xs+q); replace uxi with {xiyk, uxs+q}.
If none of these Cases apply, then d(yk) = min{p + q, bk} for k ≥ t + 1 and d(yk) − s = min{q, bk − s} for
k ≤ t . {x1, . . . , xs} and {y1, . . . , yt} induce Ks,t , there is no edge joining {y1, . . . , yt} and X2, and there is no edge joining
{yt+1, . . . , yn} and X1 ∪ X2. Nowpi=1 d(xi)+qi=1 d(xs+i) = pt +tj=1 min{q, bj − s} +nj=t+1 min{p+ q, bj}. By (1), we
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get that
p
i=1 ai +
s+q
i=s+1 ai =
p
i=1 d(xi)+
q
i=1 d(xs+i), which implies that d(xp) = ap and d(xs+q) = as+q. Increase p by
1 and q by 1, and continue.
Finally, a subrealization containing Ks,t is obtained so that d(xi) = ai for 1 ≤ i ≤ m. By d(yi) ≤ bi for 1 ≤ i ≤ n andn
i=1 d(yi) =
m
i=1 ai =
n
i=1 bi, we have d(yi) = bi for 1 ≤ i ≤ n. Hence we have constructed a realization of (A; B). 
This short constructive proof can be implemented as an algorithm to construct a realization of (A; B) containing Ks,t .
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